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On Some Cases of Motion of a Solid in Infinite Liquid. 

By Gk Kolosoff. 



The present paper contains some elliptic-function solutions of the motion 
under no force of a solid in infinite liquid of the same character as considered by 
Mr. A. G. Greenhill in Vol. XX and XXVIII of the American Journal of Math- 
ematics, but for a body of different external shape. 

(I) The external shape of the body is that considered by Clebsch in Mathe- 
matische Annalen III with the form of the kinetic energy* 

27= a x x\ + a&l + a % x\ + b x y\ + \y\ + b z y\ 
where 

With the six dynamical equations : 

dx^__ dT dT dyj_ 'dT, 3T dT dT 

dt ~ ~ Xs dy 2 + x *dy$> dt ~~ ^dx % + x% dx~~ y *dy % + y *dy~ z 



(2) 



we arrive immediately at the three integrals : 

2T = const. = I x 1 y 1 -f- x$ 9 + a%y s — const. = mj 

*! + ^ + x l — const. =n j 

and the fourth integral of Clebsch : 

bi<*>iyi + btfhyl + b&igjl — (a z a^cl + a&\xl + <*&&) = const. = k. (3) 

In particular cases rn = and b x = b 2 = b 3 this motion is expressible by the 
double-theta hyperelliptic function. f The most general case was reduced by 
F. Kotter to the case b x = b % = b 3 , but his investigation contained mistakes as 

* The notation employed is that of the paper of Mr. A. G. Greonhill. 
f H. Weber, Mathematische Annalen XIV. F. Kotter, Crelle, t. 109. 
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shown by the investigations of the Russian mathematicians A. Liapounoff and 
W. Stekloff * 

Let us suppose that the constants in the expression of the kinetic energy 
satisfy besides (1) also the conditions : 

1 1 If 

-t- = -^- + -t j (6 3 <& 1 and& 8 <6 a ). 
v 3 o 1 o % 

Then (a 3 — a%) b x = (a 3 — a x ) b z and (a x — a a ) & 2 = (a 3 — a s ) (6 3 — &i). 
From the integrals (2) and (3) we have : 

6 a (a 3 — a x ) (x\ + xl) — (b%y% + %?) = _f a (fa 8 — k — n(<4+ a x a % )^ . 

Let us suppose 

la 3 -=Je-\- n (a% + a^). 

The differential equations admit then a fractional integral : 

tayH-tetffr = cow ^. = r . (3 *) 

(a 3 — a a ) cc| — b x y\ 
Besides this integral the fundamental integrals give us the integral 

*» — ?~? r y% — consL = r i- ( 4 ) 

Bearing in mind that 

e 3 (xf + x%f — {b x x lVl + b z x 2 y 2 ) z = {b z y z x x — b^x^f 
where 



e = + V&a (a 3 — a a ) = -f V6j (a 3 — a,), 

and taking into consideration the integral 

x\ + x% -\- x%-= const. = n 
we deduce 

(^ = (ban - bwtf = *> - *I) a - T a ((a, - a,) ar| - %f) 3 . (5) 

• W. Stekloff. On the motion of solid in infinite liquid. Charcow, 1893 (in Russian language). 
+ The cases -,- = -*- + -j— and -. .— = -=- + -j- can be treated similarly. 
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But from the integrals (2) and (3) we deduce 

(a x — a 2 ) & 2 a| + (&x — b z ) btfl = b$ z y\ + T 2 , where T 2 = w6 2 a 3 — b z k, 

and (5) takes the form 

(£)'=, { .._«r_peg£$*, ( 6) 

since 

(« 3 — a») (h — \) — («i — <h) h ( 7 ) 

and 

(Ob - «,) aj - %? = ^Z^ 2 *5 - %i = 5^ (K - «•) W + 61 ( & i ~ Wi) 

= 5 2 _5 1 ( 6 ^y3 + r a ), 

and from (4), (6) : 

cty = ' (- - «*•- (ct (Mrt + w = 

and therefore 



A 



°^ ~ *£ + cons*., 



or 



where a, {3, y are constants. 

From this we can conclude that the problem may be reduced to elliptic 
functions. 

I have shown* that the motion in this case can be resolved into two 
motions a, la Poinsot and that the elements of the motion can be expressed by 
Weierstrassian Sigma Functions. 

* In my Russian paper " On Some Modifications of the Hamilton's Principle " this solution is developed 
and discussed. A short account of this paper is given by Lampe in " Forschritte der Mathematik," 1903. 
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As individual cases of this theory we may regard and reduce to elliptic 
functions the following cases : 

(A) yjbi = ex 2 , y 2 b. 2 = ex x 

(B) yJn = — ex i , y z b z = — ex r 

(C) yfii = ex! , yA = — £*2 

(D ) yj>! = — e Xi , y % b % = ex 2 . 

We may deduce these solutions immediately from the six differential equations, 
without using the integral (3*). Let us suppose (A) yibi = ex 2 , y 2 & 2 = ea;i. 
The first three differential equations of the problem take the form : 

1 7 



dx t _ 

dt — £x z x 3 — °%y% x \ 

dx 3 . 2 ,. 

dt — s \ x i — x 2) 



(8) 



The 6th equation gives 
the 4th and the 5th become 



y s = const. = o , 



dx 2 _ fei(a 3 — a z ) 



dt 



X 2 X 3 T" " 



{h-h)h x 



h 



x iy s 



d Xl _ b z (a! — a 3 ) ( 0l — b s )b. 2 

dt~ e X&Xl + b x x * y *> 

and coincide with the first two equations (8), by (7) and by the relation 

(a, — aO&s = (a, — a^i, = e 8 . 
The integrals (2) take the form 

x\ + x% + xl — n 



, ^3 _ m °3 
X 1 X Z H J" (oa; 3 "y - ) 



and we have 



Therefore the problem is reduced to elliptic functions. In the same manner 
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we can investigate the case B. Let us suppose (C) 2/i&i = «Bi y?jb% — — sx 2 . 
The differential equations of motion take the form : 



dx 2 

~dt = £X m 



%3»1 



^8 

- w = — 2ex 1 x, 

~%f = 2 («a — ai)a*»a 

The other two equations coincide with (9) in the same way as in case A. 
The integrals (2) and (3) are reduced to 

xl + af + a$ = n 

SXy 



(9) 



8X2 . 



x\ — X% + 



h w 2 _ l — <*sn _ _ r 



(10) 



Instead of one of these integrals we can take the integral 

«4sh — a z) — 2/3 £ — const. = I\* 

which follow at once from the differential equations (9). 
Then 



(11) 



£=Wc 



n 



x 



»"-( r °-id^)> 



and with (11) the problem is reduced to elliptic functions. 

The case D can be investigated in the same way as 0. 

(II). As is probably already known, lately the Russian mathematicians, 
W. Stekloff and A. Liapounoff discovered two new integrable cases of motion 
of a solid in infinite liquid (under no force) which A. Clebsch did not discover 
because of an error in his calculations. 

In these cases the problem may be also reduced to ultra elliptic functions, 



f r l = K-«»)V» + r.^-ft»j^ s . 



48 



372 Kolosoff: On Some Gases of Motion of a Solid in Infinite Liquid. 



but in particular cases to simple elliptic functions. In Stekloff's case the 
kinetic energy is expressed by the formula: 

2T=. 2 "A^ (a| 4- af) ccf + 2ra 2 a s x 1 y 1 + a<y\ 

and the differential equations appear as follows : 

-^ = a 3 x 2 y 3 — a 2 x 3 y 2 — a 2 a%Taj (a, — a 2 ) 



^ = a 2 x l y 2 — a^yi — ZiX 2 ra 3 (a 2 — a x ) 



-^ = a^i — «3*#3 — xsayrt*, («i — <h) 
dx 3 



§1 — VtV-A («3 — <h) — to, (ag — a 2 ) (^ + afcyg) + 

+ t* (a 2 — a 3 ) (a^ — a? ) £c 2 x 3 

-J* = 2/sS/i («i — « 3 ) — *<h («i — a 3 ) {y x x 3 + a,y,) + 

+ t 2 (a, — a a ) (agaj — of) x 3 x x 



dy 3 
dt 



yiVi («2 — «i) — ^«3 (a 2 — «i) (ys^i + x 2i/i) + 



(12) 



+ 1 \a x — a 2 ) (oxo, — al) x x x 2 
and admit a 4th algebraical integral of W. Stekloff: 

2 t 2 ^ (dj — 2a 2 — 2a 3 ) a: 2 + 2ta i x 1 y 1 — y\ = constf. 
These differential equations admit a particular solution 

yi = t(a 2 — a 3 )x 1 2/ 2 = r(a 1 — a 3 )a; 2 * (13) 

since the equations (l), (2), (4), (5) of the system (12) can be reduced by (13) 
to two differential equations 



-fa = «3^22/3 + * «3 («2 — «l) 3% 




-^- 2 = — aaXjt/g + ra 3 (a 2 — a x ) x x x 3 




and the equations (3) and (6) give 


(14) 


-^ = 2tx 1 x 2 a 3 (a x — a 2 ) 




-^ = 2t 2 (a 2 — a x ) a 3 (2a 3 — a t — a 2 ) x x x 2 





•In the same manner can be treated the solution: y 2 = r (a 3 — a^x^ 
:r(aj- a. 2 )z 3 ^ = r (a 3 - a 2 ) x r 



, = r(a 2 — aj) z 3 and the solution 
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The system (14) admits the integrals: 

»! + a| + A = n 

xjt^ch — a x — Og) + y 3 = Tj 
where n, T, I\ are the constants of integration and we obtain : 



(16) 



^ = . M a 1 -a,)^-^-(r + ^_ ai)( ^_ ai _^ ,)' 

and by (15) the problem is reduced to elliptic functions. The motion in this case 
can be also resolved into two motions a, la Poinsot. 

In LiapounofF's case the kinetic energy is expressed by the formula : 

and we obtain the differential equations of motion in the form : 

Cm Of* 

-tff = 1>(x&s ~ 2/2*3) + (c 8 — CzfciVa 



dx. 
~di 



- = b{x^ x — i/aXi) + (c x — CgjXaXi 



dX; 



^ = b(x!y z — 2/jXjj) + (c 8 — c^ajg 



•^ = (c S — c 2 )|*s«/3 + x&9 + ^(20!— c 2 — c 3 ) J 
^ = ( Cl - c,)[x iy , + *Wi + ^(2c 8 -c 3 - Cl )} 
(c 2 — 01) ja^i + *i«/2 +-g- 2 (2c 3 — ©!— c 2 ;| 



dt ~~ 



(16) 



and admit besides the three known integrals (2) the integral of A. Liapounoff; 

2ci(( c z + c a) *i + tyif = «»«*• 
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The differential equations (16) admit a particular solution: 

S^^pax y, = ^<*» (17) 

As before, in Stekloff's case, we reduce the system (16) by (17) to four equations : 

~gj = bxjy 3 — (c 2 — c^ajgXg 
-^ = — (c 8 — c^x x x z — bxtfa 

-fit = 2(c g — c^a;^ 

^s_ „, _ v 2c 3 — «! — c a 
^ — v a — *> b x 2 " 

The integrals of this system of differential equations we obtain in the form 

A + as| -h x\ = n 

x\ — xl + / vrs y% = r 

1 2 (ci — c 2 ) (2c 3 — Cj — c 2 ) ^ 3 

^8 + JLX -g ^3=^ (18) 

and we find 

t= (c-W("-^-(r- (Cl _ e8)(2 t'_ ei _ e , ) ^ 

By (18) the problem is, as before, reduced to elliptic functions. The motion 
in this case can also be resolved into two motions a la Poinsot. These solutions 
are connected with some pseudo-elliptic integrals. 

For instance let us consider the solution A of the case I. We have : 

y-J?! — ex % yjb % = kcj y 3 = const. = ax\ + sc§ + af == n 
(^y = 6 \ n - xlf— ib%m - ax s y. 



* The solution y 2 = ' fe " * 2 , y s = ' ^ * x, and the solution y s = » & > a:,, y x = 2 3 ^ can be 
treated in the same manner. 
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Let us suppose that the axis Z fixed in space coincides with the axis of impulse 
and the position of the axes of x, y, z fixed in the body is given by the three 
Euler's angles 0, $, ^. Let p, q, r be the components of angular velocity in the 
directions of the axes of x, y, z. Then 

d$ M 

_ = r _cos0 Tr 

But 

dT , 3!T . dT , 

p = ^-=b 1 y 1 = ex„ q = -^ = b 9 y z =sx 1 , r = ^=b& 

therefore 



But 

so that 



cfrft , 2ex x x z , an — 2ar 3 m + ax\ 

~dt ~ b *»—n~^x% - bs n~^x% ' 

^ {x x + ix z ) = — sin 6 e-<* 
_ 1 x i + ^ 



We can conclude from this that the integral 

/an — 2a: 3 m -}- ax% dxg 

n — ; 



• a* Ve z {n — xtf — 4&| (m — ax z ) A 

is pseudo elliptic and 



1 Oi+Ja>2 _ 



— TT l 9 



b 3 i y */n — ac§ 



,2 



1 _ 4- Ve 2 (^ — g? — 4&1 (m — qx 3 ) 2 + ^(m—ax 3 ) 



2ib 3 & */n — x% 



This result can be verified by differentiating; and similar pseudo-elliptic integrals 
can be written also in the other cases. 

Regarding investigations of Mr. Roger Liouville* I very much doubt that 
he really found a new integrable case of motion of a solid in infinite liquid as in 



* Comptes rendas, 1896, II s6m. 
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the case of the problem of rotation of a heavy body about a fixed point, where 
he professed to have found a new integrable case. On the strength of which 
statement this case was entered under his name in different text books.* 

In 1898 my attempts to find integrals of the 8th and 12th power 
according to his method failed completely, as did also the attempts of Prof. 
S. Tshapliguine in Moscow. Whenever I succeeded in getting an integral 
according to Liouville's method it always turned out to be simply a reduction 
of already known integrals and only gave a new integral in the case of Mme. 
Sophie Kovalevsky. In the just published (January, 1906) article by Husson 
in the "Annates de Toulouse" this theorem is generally proved and so the 
integrable case of R. Liouville of rotation of a heavy body about a fixed point 
no longer exists. 

Jurjew (Dorpat), Russia. 

* Appell. Traitfi de mecanique rationellc, I II. 



